Abstract. We obtain a uniform linear bound for the Chevalley function at a point in the source of an analytic mapping that is regular in the sense of Gabrielov. There is a version of Chevalley's lemma also along a fibre, or at a point of the image of a proper analytic mapping. We get a uniform linear bound for the Chevalley function for a closed Nash (or formally Nash) subanalytic set.
Introduction
Let ϕ : M → N denote an analytic mapping of analytic manifolds (over K = R or C). Let a ∈ M . Let ϕ * i.e., if F ∈ O ϕ(a) andφ * a (F ) vanishes to order l(k), then F vanishes to order k, modulo an element of Kerφ * a ( [4] ; cf. Lemma 3.2 below). Let l ϕ * (a, k) denote the least l(k) satisfying Chevalley's lemma. We call l ϕ * (a, k) the Chevalley function of ϕ * a .
Let x = (x 1 , . . . , x m ) and y = (y 1 , . . . , y n ) denote local coordinate systems for M and N at a and ϕ(a), respectively. The local rings O a or O a can be identified with the rings of convergent or formal power series K{x} = K{x 1 , . . . , [6] ; i.e., if there are enough formal relations, then the ideal of formal relations is generated by convergent relations. The mapping ϕ is called regular at a if r 1 a (ϕ) = r 3 a (ϕ). We say that ϕ is regular if it is regular at every point of M . Izumi [10] proved that ϕ is regular at a if and only if the Chevalley function ofφ * a has a linear (upper) bound ; i.e., there exist α, β ∈ N such that l ϕ * (a, k) ≤ αk + β , for all k ∈ N. On the other hand, Bierstone and Milman [2] proved that, if ϕ is regular, then l ϕ * (a, k) has a uniform bound ; i.e., for every compact
for all a ∈ L and k ∈ N. In this article, we prove that the Chevalley function associated to a regular mapping has a uniform linear bound :
for all a ∈ L and k ∈ N.
Chevalley's lemma can be used also to compare two notions of order of vanishing of a real-analytic function at a point of a subanalytic set. Let X denote a closed subanalytic subset of R n . Let b ∈ X and let
Suppose that X is a Nash (or formally Nash) subanalytic subset of R n . Then the Chevalley function of X has a uniform linear bound; i.e., for every compact
for all b ∈ K and k ∈ N. Theorems 1.1 and 1.2 are the main new results in this article. They answer questions raised in [3, 1.28] .
The closed Nash subanalytic subsets X of R n are the images of regular proper real-analytic mappings ϕ : M → R n . In particular, a closed semianalytic set is Nash. A closed subanalytic subset X of R n is formally Nash if, for every b ∈ X, there is a closed Nash subanalytic subset Y of X such that F b (X) = F b (Y ) [3] . Unlike the situation of Theorem 1.1, the converse of Theorem 1.2 is false [3, Example 12.8] .
The main theorem of [3] (Theorem 1.13) asserts that, if X is a closed subanalytic subset of R n , then the existence of a uniform bound for l X (b, k) is equivalent to several other natural analytic and algebro-geometric conditions; for example, semicoherence [3 
, for all k. In particular, there is always a linear Artin-Rees exponent l(k) = k + β. Uniform versions of the Artin-Rees lemma were proved in [2, Theorem 7.4], [5] , [8] . A uniform Artin-Rees exponent for a homomorphism of O M -modules, where M is a real-analytic manifold, measures loss of differentiability in Malgrange division, in the same way that a uniform bound for the Chevalley function relates to composite differentiable functions. (See [2] .) 2. Techniques 2.1. Linear algebra lemma. Let R denote a commutative ring with identity, and let E and F be R-modules. If B ∈ Hom R (E, F ) and r ∈ N, r ≥ 1, we define
where ω ∈ F and η 1 , . . . , η r ∈ E. (ad 0 B := id F , the identity mapping of F .) Clearly, if r > rk B then ad r B = 0, and if r = rk B then ad r B · B = 0. (rk B means the smallest r such that s B = 0 for all s > r.) If R is a field, then rk B = dim Im B, so we get:
. Let E and F be finite-dimensional vector spaces over a field K. If B : E → F is a linear transformation and r = rk B, then
In particular, if A is another linear transformation with target F , then Aξ + Bη = 0 (for some η) if and only if ξ ∈ Ker ad r B · A.
The diagram of initial exponents.
Let A be a commutative ring with identity. Consider the total ordering of N n given by the lexicographic ordering of (n + 1)-tuples (|β|, β 1 , . . . , β n ), where β = (β 1 , . . . , β n ) ∈ N n and |β| = β 1 + · · ·+ β n . For any formal power series
, we define the support supp F := {β ∈ N n : F β = 0} and the initial exponent exp
The diagram of initial exponents of I is defined as
Clearly, N(I) + N n = N(I). Suppose that A is a field K. Then, by the formal division theorem of Hironaka [7] (see [2, Theorem 6.2]),
where
2.3. Fibred product. Let M denote an analytic manifold over K, and let s ∈ N, s ≥ 1. Let ϕ : M → N be an analytic mapping. We denote by M s ϕ the s-fold fibred product of M with itself over N ; i.e.,
Let E be a closed subanalytic subset of M , and let ϕ : E → R n be a continuous subanalytic mapping. Then the fibred product E s ϕ is a closed subanalytic subset of M s , and the canonical mapping ϕ = ϕ
. Let M be an analytic manifold, and let ϕ : M → N be an analytic mapping. If a ∈ ϕ −1 (b), then the homomorphismφ *
. . , y n ) denote the affine coordinates of K n . Taylor series expansion induces an identification of O b with the ring of formal power series
and hence an identification of J l (b) with K q , q = n+l l , with respect to which
Using a system of coordinates x = (x 1 , . . . , x m ) for M in a neighbourhood of a, we can identify J l (a) with
ϕ identifies with the matrix (with rows indexed by α ∈ N m , |α| ≤ l, and columns indexed by β ∈ N n , |β| ≤ l) whose entries are the Taylor expansions at a of the
For any (germ at a of an) analytic subspace L of M s ϕ , we also write
Ideals of relations and Chevalley functions
Let M denote an analytic manifold (over K = R or C), and let ϕ = (ϕ 1 , . . . , ϕ n ) : M → K n be an analytic mapping. If a ∈ M , let R a denote the ideal of formal relations Kerφ *
If k ∈ N, we also write
, and E lk (a) := π lk (ϕ(a)).E l (a) .
3.1.
Chevalley's lemma.
We write l(a, k) = l ϕ * (a, k) for the least l satisfying the conclusion of the lemma.
Proof of Lemma 3.2. If
and the projection π l2,l1 (ϕ(a)) maps l≥l2 E ll2 (a) onto l≥l1 E ll1 (a). It follows 
4). Then there is a residual subset
Proof of Lemma 3.4 . For a ∈ M s ϕ and l ≥ k, write J l ϕ(a) (2.3) (using local coordinates for M s as in §2.4, in a neighbourhood of a point of L) as a block matrix
corresponding to the decomposition of vectors ξ = (ξ β ) β∈N n ,|β|≤l in the source as ξ = (ξ k , ζ lk ), where ξ k = (ξ β ) |β|≤k and ζ lk = (ξ β ) k<|β|≤l . Then
Thus, by Lemma 2.1
By the Baire Category Theorem, the D k (and hence also D) are residual subsets of L.
For the second assertion of the lemma, suppose that l ≥ l(a, k).
, by Remark 3.3. In the same way, l ≥ l(a ′ , k) implies that l ≥ l(a, k). (1) Let M be a real-analytic manifold and let ϕ : M → N be a proper realanalytic mapping such that Assume that N = R n , with coordinates y = (y 1 , . . . , y n ). Let b ∈ X. Recall (1.1).
Definition 3.8 (Chevalley functions).
Let b ∈ X and let k ∈ N. Set
Let ϕ : M → N be a proper real-analytic mapping such that X = ϕ(M ). Set 
Proofs of the main theorems
Let ϕ : M → K n be an analytic mapping from a manifold M (over K = R or C). Let s be a positive integer. Let a = (a 1 , . . . , a s ) ∈ M s ϕ , and let b = ϕ(a). Remark 4.1. By (2.1), the Chevalley functions l ϕ * (a, k) and l ϕ * (b, k) (Definitions 3.8) can be defined using power series that are supported outside the diagram of initial exponents: Set N a := N(R a ) and N b := N(R b ) (cf. 3.1 and Lemma 3.6). Then
(In the latter, we assume that ϕ is a proper real-analytic mapping.)
where A lk (a) is given by the restriction of 
evaluating at a transforms Φ 
(as we see by taking formal derivatives of order ≤ l of thê ϕ * a i (F )). It follows that each component of Θ aηa and therefore (by Cramer's rule) each component of δ a ·η a belongs to m
. Thus, each component ofη a lies in
= m L,a ; i.e.,η a (a) = 0, so that F vanishes to order k at b = ϕ(a).
Proof of Theorem 1.1. By [2, Theorems A,C], there is a locally finite partition of M into relatively compact subanalytic leaves L such that the diagram of initial exponents
for all a ∈ L and all k. The result follows.
Remark 4.4. In the case K = C, we define "subanalytic leaf" using the underlying real structure. If ϕ is regular, then the diagram N a is, in fact, an uppersemicontinuous function of a, with respect to the K-analytic Zariski topology of M (and a natural total ordering of {N ∈ N n : N + N n = N}) [2, Theorem C], but we do not need the more precise result here.
Lemma 4.5. Let s ≥ 1 and let a = (a 1 , . . . , a n ) ∈ M s ϕ . Suppose that ϕ is regular at a 1 , . . . , a n . Then there exist α, β ∈ R such that l ϕ * (a, k) ≤ αk + β, for all k ∈ N.
Proof. Let b = ϕ(a). For each i = 1, . . . , s, since ϕ is regular at a i , there exist α i , β i such that 2) . In other words, l ϕ * (a, k) ≤ αk + β, where α = max α i and β = λ max α i + max β i .
Proof of Theorem 1.2. Suppose that ϕ : M → R n is a real-analytic mapping, where M is compact. Let
by Remark 3.9 and Lemma 3.10. Let L be a relatively compact subanalytic leaf in M
To prove the theorem, we can assume that X is compact. Let ϕ be a mapping as above, such that X = ϕ(M ). We consider first the case that X is Nash. Then we can assume that ϕ is regular. Let s denote a bound on the number of connected components of a fibre ϕ −1 (b), for all b ∈ X. Then there is a finite partition of M 
